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Abstract
In this article, we study isomorphisms between simple current extensions of a
simple VOA. For example, we classify the isomorphism classes of simple current
extensions of the VOAs V +√
2E8
and V +Λ16 , where Λ16 is the Barnes-Wall lattice of
rank 16. Moreover, we consider the same simple current extension and describe the
normalizer of the abelian automorphism group associated with this extension. In
particular, we regard the moonshine module V ♮ as simple current extensions of five
subVOAs V +L for 2-elementary totally even lattices L, and describe corresponding
five normalizers of elementary abelian 2-group in the automorphism group of V ♮ in
terms of V +L . By using this description, we show that three of them form a Monster
amalgam.
Introduction
In the study of vertex operator algebras (VOAs), the automorphism groups play impor-
tant roles to develop relations between VOAs and other areas. One of the most important
examples of VOAs is the moonshine module constructed in [FLM], and its automorphism
group is isomorphic to the Monster. By using this realization of the Monster, Borcherds
proved the famous moonshine conjecture, an interesting correspondence between the con-
jugacy classes of the Monster and Hauptmodule. So it is important to determine the
automorphism group of a VOA and to study groups from the view point of VOAs. How-
ever there are relatively few known constructions of automorphisms of VOAs such as
exponentials of the zero-th product of elements of V1, symmetries of the fusion rules of
∗The author was supported by the COE grant of Hokkaido University and JSPS Grants-in-Aid for
Scientific Research No. 18740001.
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subVOAs (cf. [Mi]) and lifts of automorphisms of combinatorial objects (cf. [FLM]).
Hence we would like to find more automorphisms of VOAs.
A simple current extension is a typical method of constructing new VOAs. In some
cases, this construction extends symmetries of VOAs. For example, the moonshine module
V ♮ is a simple current extension of the VOA V +Λ associated with the Leech lattice Λ, and
the automorphism group of V ♮ is the Monster though that of V +Λ is induced from Λ ([Sh2]).
So, the study of the automorphism groups of simple current extensions is important to
find large symmetries of VOAs.
In this article, we construct some isomorphisms between simple current extensions
of a simple VOA V (0) by using automorphisms of V (0). Moreover, we consider the
same simple current extension V of V (0) graded by an abelian group A and describe the
normalizer of A∗ in the automorphism group of V . So we obtain automorphisms of V
induced from V (0). As applications, we obtain two results. One is the classification of the
isomorphism classes of simple current extensions of V +L when L is isomorphic to
√
2E8 or
Λ16. Another is the description of some normalizers in the automorphism group of V
♮ of
elementary abelian 2-subgroups in terms of V +L . Furthermore, using our description, we
show that three normalizers form a Monster amalgam.
Let us explain our method. First, we construct isomorphisms between simple current
extensions, which generalizes the results in [DM2] on the uniqueness of the VOA struc-
ture of a simple current extension. Consider a simple VOA V (0) and its simple current
extensions V and V ′. When V (0) has an automorphism which maps the isomorphism
classes of irreducible V (0)-modules contained in V to those contained in V ′, we show that
it extends to an isomorphism between V and V ′. So, by using automorphisms of V (0), we
obtain many isomorphisms between simple current extensions of V (0). In [Sh2, Sh3], the
automorphism group of the VOA V +L is studied by using its action on the isomorphism
classes of irreducible V +L -modules. In particular, when L is isomorphic to
√
2E8 or Λ16, V
+
L
has large symmetries associated with orthogonal groups. Applying our results to V +√
2E8
and V +Λ16 , we can classify the isomorphism classes of these simple current extensions.
Next, we consider automorphisms of a simple current extension V = ⊕α∈AV (α) of a
simple VOA V (0) graded by an abelian group A. Then applying the results to the same
simple current extension, we obtain lifts of automorphisms of V (0) preserving the set of
components in the decomposition of V into irreducible V (0)-modules. More precisely, the
normalizer NAut(V )(A
∗) of A∗ in the automorphism group Aut(V ) of V is obtained by
lifts of the automorphisms of V (0) preserving the set of isomorphism classes of irreducible
V (0)-modules V (α), α ∈ A. By similar arguments, the centralizer CAut(V )(A∗) is described
in terms of the automorphism group of V (0).
As an application, we consider some subVOAs of the moonshine module V ♮ isomorphic
to the VOA V +L associated with a 2-elementary totally even full sublattice L, which is
an even lattice L such that the dual lattice L∗ is a sublattice of L/2 and
√
2L∗ is even.
Then V ♮ is a simple current extension of V +L graded by an elementary abelian 2-group.
By using the description of Aut(V +L ) in [Sh2, Sh3], the normalizer and centralizer of the
associated 2-group in Aut(V ♮) are described. In particular, we consider five subVOAs
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of V ♮ isomorphic to V +L or V
+
L1
⊗ V +L2 for certain 2-elementary totally even lattices L,
L1⊕L2, and describe the normalizers of corresponding elementary abelian group of order
2i (i = 1, 2, 3, 5, 10) in Aut(V ♮). Moreover, by using these descriptions, we check that
three of them satisfy the axiom of a Monster amalgam. This shows that the Monster acts
faithfully on V ♮ without using the structure of the Griess algebra of V ♮.
The organization of this paper is as follows: In Section 1, we recall some definitions
and facts necessary in this paper. In Section 2, we study isomorphisms between simple
current extensions of VOAs. In Section 3, we determine the isomorphism classes of simple
current extensions of V +√
2E8
and V +Λ16 by using the results in Section 2. In Section 4, we
describe the normalizers in the automorphism group of V ♮ of some elementary abelian
2-groups of order 2i (i = 1, 2, 3, 5, 10) in terms of automorphism groups of V +L . Moreover
we show that the normalizers of the elementary abelian 2-subgroups of order 2, 22 and 23
form a Monster amalgam.
Throughout this paper, we will work over the field C of complex numbers unless
otherwise stated. We denote by Z the set of integers and by Zp the ring of integers
modulo p. We often identify Z2 with the field F2 of two elements. For a group G and
its subgroup H , NG(H) and CG(H) denote the normalizer and centralizer of H in G
respectively. Let Ωn denote the set {1, 2, . . . , n} for n ∈ Z>0. We view the power set
P(Ωn) of Ωn as an n-dimensional vector space over F2 naturally. For a subset U of an
n-dimensional vector space Rn over the real field R and m ∈ R, let Um denote the set of
vectors in U of norm m. A sublattice U of a lattice L is called full if the ranks of U and
L are the same. A subVOA V (0) of V is called full if the Virasoro elements of V (0) and
V are the same. We often identify modules of a VOA with their respective isomorphism
classes.
Acknowledgments. The author thanks Professor Atsushi Matsuo for giving helpful
advice. He also thanks Professor Satoshi Yoshiara and Professor Alexander Anatolievich
Ivanov for useful comments from the viewpoint of finite group theory.
1 Preliminaries
In this section, we recall or give some definitions and facts necessary in this paper. For
details of the axiom of vertex operator algebras, see [Bo, FLM].
1.1 Simple current extension
We start by recalling simple current extensions. Let V (0) be a simple VOA. An irreducible
V (0)-moduleM1 is called a simple current if for any irreducible V -moduleM2, there exists
an irreducible V (0)-moduleM3 such that the fusion rule M1×M2 = M3 holds. A simple
VOA V is called a simple current extension of V (0) if V is a direct sum of inequivalent
simple current irreducible V (0)-modules graded by an abelian group A, namely V =
⊕α∈AV (α) and the fusion rule V (α) × V (β) = V (α + β) holds for all α, β ∈ A. So we
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often denote V = ⊕W∈SVW , where SV is the set of isomorphism classes of irreducible
V (0)-modules V (α), α ∈ A.
In this subsection, let V (0) be a simple VOA satisfying the following conditions:
(a) V (0) has finitely many irreducible modules.
(b) Any irreducible V (0)-module is a simple current.
(c) The associativity of the fusion rules of V (0) holds.
We study a simple VOA V containing V (0) as a full subVOA. Let S0 be the set of all
isomorphism classes of irreducible V (0)-modules. Then the following proposition holds.
Proposition 1.1. (1) S0 is a finite abelian group under the fusion rules.
(2) Suppose that V is a direct sum of irreducible V (0)-modules. Then V is a simple
current extension of V (0).
Proof. The property (b) shows that × is a binary operation on S0. Let us show that
S0 = (S0,×) is a finite abelian group. It is obvious that the isomorphism class of V (0)
is the identity element. The properties (a) and (c) show that S0 is finite and associative
respectively. For an irreducible moduleM of a VOA letM ′ be the contragraduent module
of M (cf. [FHL]). Then the fusion rule M ×M ′ = V (0)′ holds. Moreover V (0)′ × N ′ =
V (0), where N = V (0)′ × V (0)′. Hence M × (M ′ × N ′) = V (0). This shows that
any element of S0 has its inverse. By Proposition 5.4.7 in [FHL], the fusion rules are
commutative, so S0 is abelian. Hence we obtain (1).
By the assumption of (2), V = ⊕W∈S0µWW as V (0)-modules, where µW is the multi-
plicity. The simplicity of V shows that µV (0) = 1. Set S1 = {W ∈ S0| µW 6= 0} and let S˜1
be a subgroup of S0 generated by S1. Then the abelian group S˜
∗
1 of irreducible characters
of S˜1 acts faithfully on V as automorphisms of a VOA. Since V (0) is a full subVOA of V ,
V (0) is the fixed points of S˜∗1 . By [DM1] µW ∈ {0, 1} and S˜1 = S1, which shows (2).
Remark 1.2. If V (0) is rational then any VOA V containing V (0) as a full subVOA
satisfies the assumption of (2).
In the next subsection, we give examples of VOAs satisfying (a)-(c).
1.2 V +L for a 2-elementary totally even lattice
Let L be a 2-elementary totally even lattice of rank n, namely the dual lattice L∗ = {α ∈
R⊗Z L| 〈α, L〉 ⊂ Z} is a sublattice of L/2 and both L and
√
2L∗ are even, where 〈·, ·〉 is
a positive-definite symmetric bilinear form on R⊗Z L. In this subsection, we review the
properties of the VOA V +L .
Let Lˆ be the central extension of L by 〈κL| κ2L = 1〉
1→ 〈κL〉 → Lˆ →¯ L→ 1
4
such that [a, b] = κ
〈a¯,b¯〉
L for a, b ∈ Lˆ. Let θL be the automorphism of Lˆ defined by
θL(a) = a
−1κ〈a¯,a¯〉/2L , a ∈ Lˆ. Set KL = {a−1θL(a)| a ∈ Lˆ}. Then KL is normal; Consider
Lˆ/KL. Let T be an irreducible Lˆ/KL-module on which κLKL acts by −1. Since L is 2-
elementary totally even, the center Z(Lˆ/KL) of Lˆ/KL is isomorphic to 2L
∗/2L×〈κLKL〉.
By Theorem 5.5.1 in [FLM] T is characterized by an irreducible character of 2L∗/2L. For
any irreducible character χ of 2L∗/2L, there exists a unique element λ+ L in L∗/L such
that χ(µ) = (−1)〈λ,µ〉 for all µ ∈ 2L∗/2L. We denote such an irreducible character by χλ
and the corresponding irreducible Lˆ/KL-module by Tχλ .
Let VL denote the VOA associated with L (cf. [Bo, FLM]). Let θVL be an involution
of VL induced by θL. Then V
+
L = {v ∈ VL| θVL(v) = v} is a subVOA of VL.
Applying the results of [DN, AD] to our case, we obtain the following proposition:
Proposition 1.3. [DN, AD] Let L be a 2-elementary totally even lattice. Then any
irreducible V +L -module is isomorphic to one of V
±
λ+L and V
Tχλ ,±
L (λ ∈ L∗/L). In particular,
V +L has exactly 2
m+2 non-isomorphic irreducible modules, where m = |L∗/L|.
In this paper, we use the following notation for the isomorphism classes of irreducible
V +L -modules; Let [λ]
± and [χλ]± denote the isomorphism classes of V ±λ+L and V
Tχλ ,±
L for
λ ∈ L∗/L respectively.
Note 1.4. The irreducible V +L -modules V
Tχλ ,±
L are the ±1-eigenspaces of the involution
induced from the identity map on Tχλ . This notation is different from that of [FLM].
The fusion rules of V +L are explicitly described in [Ab, ADL]. In particular, the
following proposition holds.
Proposition 1.5. [Ab, ADL] Let L be a 2-elementary totally even lattice. Then any
irreducible V +L -module is a simple current.
So, we can apply the result in the previous section to V +L by the following lemma.
Lemma 1.6. Let L be a 2-elementary totally even lattice. Then V +L satisfies (a)-(c).
Proof. Proposition 1.3 and 1.5 shows that V +L satisfies (a) and (b). By Theorem 5.18
of [ADL], the fusion rules of V +L are associative, so V
+
L satisfies (c).
We denote by SL the set of all isomorphism classes of irreducible V
+
L -modules. Then
SL forms an elementary abelian 2-group under the fusion rules × by [Ab, ADL] and
Proposition 1.1. We often view SL as an (m+2)-dimensional vector space over F2, where
m = |L∗/L|.
Proposition 1.7. [Sh2] Suppose that the rank of L is 8 or 16. Then the following map
qL from SL to F2 is a non-singular quadratic form on SL:
qL(W ) =
{
0 if dim∗(W ) ∈ Z[[q]],
1 if dim∗(W ) ∈ q1/2Z[[q]],
where dim∗(W ) =
∑
j∈Q(dimMj)q
j for a representative M = ⊕j∈QMj of W .
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Finally, we summarize some facts on the automorphism group of V +L . Let O(L) denote
the group of all linear automorphisms of L preserving the inner product 〈·, ·〉. For an
automorphism g of Lˆ, let g¯ denote the linear automorphism of L defined by g¯(a¯) = g(a),
a ∈ Lˆ. Set O(Lˆ) = {g ∈ Aut(Lˆ)| g¯ ∈ O(L)}. For β ∈ L∗/2L∗, let fβ denote the group
homomorphism from L to Z2 given by
fβ : γ 7→ 〈β, γ〉 mod 2. (1.1)
Then Hom(L,Z2) = {fβ| β ∈ L∗/2L∗}. We regard fβ as an automorphism of Lˆ as follows:
fβ : a 7→ κfβ(a¯)L a.
Hence we obtain an embedding Hom(L,Z2) →֒ O(Lˆ). By [FLM, Proposition 5.4.1], the
following sequence
1→ Hom(L,Z2) →֒ O(Lˆ) →¯ O(L)→ 1 (1.2)
is exact. By [FLM, Corollary 10.4.8], O(Lˆ) acts faithfully on VL. Moreover, O(Lˆ)/〈θVL〉
acts faithfully on V +L .
On the other hand, in Chapter 11 of [FLM] some automorphisms of V +L are explicitly
constructed. For Construction B, a procedure making lattices from codes, see (1.4) in
Section 1.4.
Proposition 1.8. [FLM] Let L be an even lattice obtained by Construction B. Then V +L
has automorphisms not belonging to O(Lˆ)/〈θVL〉.
In [Sh2, Sh3], the automorphism group Aut(V +L ) of V
+
L is studied by using its action
on SL. We collect results necessary in this paper.
Proposition 1.9. [Sh2, Sh3] Let L be a 2-elementary totally even lattice of rank n without
roots. Then the following hold:
(1) Aut(V +L )
∼= O(Lˆ)/〈θVL〉 if and only if {λ + L ∈ L∗/L| #(λ + L)2 = 2n} = φ. In
particular, if L is unimodular then Aut(V +L )
∼= O(Lˆ)/〈θVL〉.
(2) For g ∈ O(Lˆ)/〈θVL〉, we have
{[λ]± ◦ g} = {[g¯−1(λ)]±}, λ ∈ L∗/L,
[0]± ◦ g = [0]±.
Moreover for fβ ∈ Hom(L,Z2)
[λ]± ◦ fβ =
{
[λ]± if 〈β, λ〉 ∈ Z,
[λ]∓ if 〈β, λ〉 ∈ Z+ 1/2,
[χλ]
± ◦ fβ = [χλ+β]±.
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(3) Aut(V +√
2E8
) ∼= O+(10, 2) and Aut(V +Λ16) ∼= 216 · Ω+(10, 2), where Λ16 is the Barnes-
Wall lattice of rank 16.
(4) Suppose that L ∼=
√
2E8 or Λ16. Then SL is decomposed into three-orbits under the
action of Aut(V +L ). Moreover, Aut(V
+
L )/O2(Aut(V
+
L )) acts faithfully on SL.
1.3 Moonshine module
In this subsection, we recall some facts on the moonshine module from [FLM].
Let Λ be the Leech lattice. Since Λ is unimodular, Λˆ/KΛ is isomorphic to the ex-
traspecial 2-group 21+24+ . Hence Λˆ/KΛ has a unique faithful irreducible module T on
which the central element κΛKΛ acts by −1. The moonshine module V ♮ is defined by
V ♮ = V +Λ ⊕ V T,−Λ .
Theorem 1.10. [FLM] The V +Λ -module V
♮ has a unique vertex operator algebra structure
up to isomorphism extending its V +Λ -module structure.
Let zV ♮ denote the automorphism of V
♮ which acts by 1 on V +Λ and by −1 on V T,−Λ .
In Section 10.3 of [FLM], it was proved that Aut(V ♮) contains a subgroup isomorphic to
a non-split central extension C of O(Λˆ)/〈θVΛ〉 by 〈zV ♮〉. By the sequence (1.2), we have a
canonical map¯from C to O(Λ)/〈−1〉. Its kernel is a central extension of Hom(Λ,Z2) by
〈zV ♮〉, which is isomorphic to Λˆ/KΛ. So, the sequence of groups
1→ Λˆ/KΛ →֒ C →¯ O(Λ)/〈−1〉 → 1 (1.3)
is exact.
Note 1.11. We will show that C is the centralizer of zV ♮ in Aut(V
♮) later without prop-
erties of the Monster.
In Chapter 11 and 12 in [FLM], an automorphism σ of V ♮ not belonging to C was
explicitly constructed. By the fact that the degree 2 subspace of V ♮ has the algebraic
structure given by [Gr], the following theorem was shown.
Theorem 1.12. [FLM] The automorphism group of V ♮ is generated by C and σ, and it
is isomorphic to the Monster.
Note 1.13. In this paper we study symmetries of V ♮ without Theorem 1.12.
1.4 Sublattices of the Leech lattice
In this subsection, we study some sublattices of the Leech lattice and their automorphism
groups. For the precise definitions of the Golay code and the Leech lattice, see [CS].
We set Ωn = {1, 2, . . . , n}. We often identify the power set P(Ωn) of Ωn with an
n-dimensional vector space over F2. Let (·, ·) denote the natural inner product on P(Ωn).
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Let {αj | j ∈ Ωn} be an orthogonal basis of Rn of norm 2. For a linear binary code C of
length n, the lattice
LB(C) =
∑
c∈C
Z
1
2
αc +
∑
j,k∈Ωn
Z(αj + αk) (1.4)
is said to be the lattice obtained by Construction B from C, where αc =
∑
j∈c αj .
Let G24 be the extended Golay code, which is the unique 12-dimensional doubly even
binary code of length 24 with minimum weight 8. A codeword of G24 of weight 8 is called
an octad. A partition {Pl | l ∈ Ω6} of Ω is called a sextet if |Pl| = 4 and Pl ∪ Pk is an
octad for all l 6= k.
Let Λ be the Leech lattice, which is the unique positive-definite even unimodular lattice
of rank 24 without roots up to isomorphism. The automorphism group of Λ is denoted
by Co0 and its quotient by 〈−1〉 is denoted by Co1. We set Ω = Ω24. Then the lattice
LB(G24) + Z(
αΩ
4
− α1)
=
∑
c∈G24
Z
αc
2
+
∑
j,k∈Ω
Z(αj + αk) + Z(
αΩ
4
− α1).
is an even unimodular lattice of rank 24 without roots, which is the Leech lattice Λ. We
use this expression of the Leech lattice in this paper.
Let us consider 4 full sublattices Λ(i) (i = 1, 2, 3, 5) of Λ. We set Λ(1) = Λ and
Λ(2) = LB(G24). We fix a sextet {P 1l | l ∈ Ω6}. Set C(3) = {c ∈ G24| (P 11 , c) = 0} and
Λ(3) = LB(C(3)). We denote Os = P
1
2s ∪ P 12s−1 for s = 1, 2, 3. Let {P jl | l ∈ Ω6} (j = 2, 3)
be distinct sextets such that P j2s−1, P
j
2s ⊂ Os and F2〈P j2s, Os| j = 1, 2, 3〉 ⊂ P(Os) is
isomorphic to the extended Hamming code of length 8 for s = 1, 2, 3. Let C(5) be the
subcode of C(3) defined by C(5) = {c ∈ G24| (P j1 , c) = 0 for j = 1, 2, 3}. We set
Λ(5) = LB(C(5)). Then it is easy to check that
|Λ/Λ(i)| = 2i−1.
We now consider other expressions of the lattices Λ(i). We set D1 = 2Λ, D2 =
Z〈2α1, D1〉, D3 = Z〈αP 11 , D2〉 and D5 = Z〈αP j1 , D3| j = 2, 3〉. Then
Λ(i) = {v ∈ Λ| 〈v,Di〉 ⊂ 2Z} = D∗i /2. (1.5)
Recall that an even lattice L is 2-elementary if the dual lattice L∗ = {α ∈ R ⊗Z
L| 〈α, L〉 ⊂ Z} is a sublattice of L/2, and is totally even if √2L∗ is even.
Proposition 1.14. The lattice Λ(i) is 2-elementary totally even for i = 1, 2, 3, 5.
Proof. By the inclusion Λ(1) ⊃ Λ(2) ⊃ Λ(3) ⊃ Λ(5) and the unimodular property of
Λ(1), it suffices to consider Λ(5). It is easy to see that
Λ(5)∗ = Z〈Λ, α1,
αP j1
2
| j = 1, 2, 3〉. (1.6)
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Hence Λ(5)∗/Λ(5) ∼= 28. In particular 2Λ(5)∗ ⊂ Λ(5). It is easy to see that the norms
of the generators of Λ(5)∗ in (1.6) are integer and that their inner products are in Z/2.
Hence the norm of each vector of Λ(5)∗ is integer. Therefore Λ(5) is 2-elementary totally
even.
Let O(L) denote the group of all linear automorphisms of L preserving the inner
product 〈·, ·〉. For a sublattice N of a lattice L, we denote by O(L;N) the subgroup of
O(L) consisting of all automorphisms preserving N . Let us study O(Λ; Λ(i)). By (1.5),
O(Λ; Λ(i)) = {g ∈ O(Λ)| g(Di) = Di}. Let ρ be the canonical homomorphism from Λ to
Λ/2Λ. Note that Co1 acts faithfully on Λ/2Λ. In [ATLAS, Wi] the stabilizer of ρ(Di) in
Co1 is described. In particular, we obtain the following lemma.
Lemma 1.15. [ATLAS, Wi] For i = 2, 3, 5, the group O(Λ; Λ(i)) is a maximal subgroup
of O(Λ) and its shape is given as follows:
O(Λ; Λ(2)) ∼= 212 :M24,
O(Λ; Λ(3)) ∼= 25+12 · (L2(2)× 3Sym6),
O(Λ; Λ(5)) ∼= 23+12 : (L4(2)× Sym3).
Let ti be the canonical homomorphism O(Λ; Λ(i)) → GL(Λ/Λ(i)) ∼= Li−1(2). By the
lemma above, we obtain the following lemma.
Lemma 1.16. For each i, ti is surjective and its kernel Ker ti is given as follows:
Ker t2 ∼= 212 :M24, Ker t3 ∼= 25+12.3Sym6, Ker t5 ∼= 23+12 : Sym3.
We consider other full sublattices of Λ. We recall fundamental automorphisms of Λ.
For c ∈ Ω, let εc denote the linear automorphism of R24 defined by setting
εc(αj) =
{ −αj if j ∈ c,
αj if j /∈ c.
It is easy to see that εc is an automorphism of Λ if and only if c is in G24. Fix an octad
c of G24 and set
U1 = {v ∈ Λ| εc(v) = −v}, U2 = {v ∈ Λ| εc(v) = v}. (1.7)
Then U = U1 ⊕ U2 is a sublattice of Λ. It is well known that U1 ∼=
√
2E8 and U
2 ∼= Λ16,
where Λ16 is the Barnes-Wall lattice of rank 16. It is easy to check that
√
2E8 and Λ16
are 2-elementary totally even. The determinant of U is 216 since that of U i is 28 for
i = 1, 2. Thus |Λ/U | = 28 and |U/2Λ| = 216. Furthermore the automorphism group of U
is described as follows:
Lemma 1.17. The automorphism group O(U) of U is isomorphic to the direct product
of the groups O(U1) and O(U2).
Proof. We regard O(U i) as a subgroup of O(U). Then O(U) ⊇ O(U1)×O(U2). Hence
it suffices to show that O(U) preserves both U1 and U2. Since
√
2E8 is indecomposable
and O(U) preserves the inner product, we have g(U1) = U1 or g(U1) ⊂ U2. If g(U1) ⊂ U2
then there exists a sublattice L of U2 such that U2 = g(U1)⊕ g(L), which contradicts the
indecomposability of Λ16. Therefore we have g(U
1) = U1 and g(U2) = U2.
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2 Isomorphisms between extensions of a VOA graded
by a finite abelian group
Let A be a finite abelian group and let V be a simple A-graded VOA, namely V =
⊕α∈AV (α) and unv ∈ V (α + β) for any u ∈ V (α), v ∈ V (β) and n ∈ Z. Then V (α) is a
V (0)-module for all α ∈ A. In this article, we always assume that V (α) 6= 0 for all α ∈ A.
So the group A∗ of all irreducible characters of A acts faithfully on V as automorphisms:
for χ ∈ A∗, χ(v) = χ(α)v, v ∈ V (α). Clearly V (α) is an eigenspace of A∗ for all α ∈ A
and V (0) is the fixed points of A∗. By [DM1], V (α), (α ∈ A) are non-isomorphic and
irreducible. The following theorem is a slight generalization of Proposition 5.3 in [DM2].
Theorem 2.1. Let V = ⊕α∈AV (α) and V ′ = ⊕α∈AV ′(α) be simple VOAs graded by a
finite abelian group A. Suppose that V (0) = V ′(0) and that the fusion rule V (α)×V (β) =
V (α + β) holds for all α, β ∈ A. Let g be an automorphism of V (0) which maps the set
of isomorphism classes of {V (α)| α ∈ A} to those of {V ′(α)| α ∈ A}. Then there exists
an isomorphism g˜ from V ′ to V such that g˜|V (0) = g.
Proof. For α ∈ A, let ϕα be an isomorphism from W = V (α) ◦ g to V (α) such that
ϕαYW (v, z) = YV (α)(gv, z)ϕα
for v ∈ V (0). We regard ϕα as a linear isomorphism from V ′(β) to V (α), where V ′(β) ∼=
V (α)◦g. In particular we take ϕV (0) as g. Then we obtain an isomorphism ϕV ′ = ⊕α∈Aϕα
of V 0-modules from V ′ to V . Set Y˜V (v, z) = ϕV ′YV ′(v, z)ϕ−1V ′ , v ∈ V (0). Then ϕV ′ is an
isomorphism of VOAs from (V ′, YV ′) to (V, Y˜V ).
Clearly (V, Y˜V ) is a A-graded VOA: V = ⊕α∈AV˜ (α). Moreover V (α) is isomorphic
to V˜ (α) as V (0)-modules for all α ∈ A. By Proposition 5.3 in [DM2], there exists an
isomorphism ψ of VOAs from (V, Y˜V ) to (V, YV ) such that ψ|V (0) is the identity map.
Therefore we obtain an isomorphism g˜ = ψ ◦ ϕ of VOAs from V ′ to V such that g˜|V (0) =
g.
Let SA be the set of the isomorphism classes of the irreducible V (0)-modules V (α),
(α ∈ A). For an automorphism g of V (0), we set SA ◦ g = {W ◦ g| W ∈ SA}. Then we
obtain the restriction homomorphisms
ΦNA : NAut(V )(A
∗) → HNA ,
ΦCA : CAut(V )(A
∗) → HCA ,
where
HNA = {h ∈ Aut(V (0))| SA ◦ h = SA},
HCA = {h ∈ Aut(V (0))| W ◦ h =W for all W ∈ SA}.
Applying Theorem 2.1 to the case V = V ′, we show that ΦNA is surjective. Since
each V (α) is irreducible, Ker ΦNA = A
∗. By similar arguments, ΦCA is surjective, and
Ker ΦCA = A
∗. Hence we obtain the following corollary.
10
Corollary 2.2. (cf. [Sh2, Theorem 3.3]) Let V = ⊕α∈AV (α) be a simple VOA graded
by a finite abelian group A. Suppose that the fusion rule V (α)× V (β) = V (α + β) holds
for all α, β ∈ A∗. Then the restriction homomorphism ΦNA and ΦCA are surjective and
Ker ΦCA = Ker Φ
N
A = A
∗.
By the corollary above, we obtain the following exact sequences:
0→ A∗ → NAut(V )(A∗)→ HNA → 1, (2.1)
0→ A∗ → CAut(V )(A∗)→ HCA → 1. (2.2)
This shows that the normalizer and centralizer of A∗ in Aut(V ) are described in terms of
Aut(V (0)).
3 Simple current extensions of V +L
Let L be the even lattice isomorphic to either
√
2E8 or Λ16. In this section, we classify
VOAs containing V +L as a full subVOA by using the symmetries of V
+
L .
Since L is 2-elementary totally even, V +L satisfies the conditions (a)-(c) in Section 1.1
by Lemma 1.6. Moreover, L has a 4-frame, an orthogonal basis of R⊗Z L of norm 4, so
V +L is a framed VOA. In particular V
+
L is rational by Theorem 2.12 in [DGH]. Let SL be
the set of all isomorphism classes of irreducible V +L -modules. Then SL is an elementary
abelian 2-group of order 210 by Lemma 1.1 (1). Moreover SL has a quadratic form q given
in Proposition 1.7. Let V be a simple VOA containing V +L as a full subVOA. Then by
Proposition 1.1 (2), V is a simple current extension of V +L : V = ⊕W∈SVW , where SV is
a subgroup of SL. Clearly degrees of each element of SV belong to the set of integers.
Hence we obtain the following lemma.
Lemma 3.1. Let V = ⊕W∈SVW be a simple current extension of V +L . Then SV is a
totally singular subspace of SL.
Now we recall fundamental results on orthogonal groups (cf. [BCN, Theorem 9.4.3,
Theorem 9.4.8]).
Proposition 3.2. Let V be a 10-dimensional vector space over F2 with a non-singular
quadratic form of plus type. Let O(V ) be the orthogonal group of degree 10 on V . For
0 ≤ i ≤ 5, let Si denote the set of all i-dimensional totally singular subspaces of V . Then
the following hold:
(1) For 0 ≤ i ≤ 5, O(V ) ∼= O+(10, 2) acts transitively on Si .
(2) For 0 ≤ i ≤ 4, the commutator subgroup O(V )′ ∼= Ω+(10, 2) acts transitively on Si
(3) S5 is decomposed into 2-orbits under the action of O(V )′.
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By Proposition 1.9 (3), Theorem 2.1 and Proposition 3.2, the number of isomorphism
classes of simple current extensions of V (0) is less than or equal to 6 if L =
√
2E8, and 7
if L = Λ16.
Let N be an even overlattice of L of index 2j (0 ≤ j ≤ 4). Then VN is a simple current
extension of V +L graded by an elementary abelian 2-group of order 2
j+1. We note that N
is unique up to isomorphism for each j except that E8 ⊕ E8 and Γ16 are non-isomorphic
even overlattices of Λ16 of index 2
4. Therefore we obtain the following theorem.
Theorem 3.3. Let L be a lattice isomorphic to either
√
2E8 or Λ16.
(1) Any simple VOA containing V +L as a proper full subVOA is isomorphic to VN , where
N is an even overlattice of L. In particular the number of isomorphism classes of
simple current extensions of V +L is 6 if L
∼=
√
2E8, and 7 if L ∼= Λ16.
(2) Let SV be a subset of SL. The V
+
L -module V = ⊕W∈SV µWW has a VOA structure
if and only if SV is a totally singular subspace of SL and µW = 1 for all W ∈ SV .
In particular the VOA structure on V is unique up to isomorphism.
4 Normalizers of elementary abelian 2-groups in the
automorphism group of the moonshine module
In this section, we consider some subVOAs V +L of the moonshine module V
♮ and describe
the normalizers in G = Aut(V ♮) of associated elementary abelian 2-groups in terms of
Aut(V +L ). Moreover, we show that our normalizers form a Monster amalgam.
4.1 Decomposition of V ♮ as irreducible V +L -modules
Let L be a 2-elementary totally even full sublattice of the Leech lattice Λ. In this subsec-
tion, we decompose the moonshine module V ♮ into irreducible V +L -modules. Since VOA
V +L is a subVOA of V
+
Λ , it suffices to decompose V
+
Λ and V
T,−
Λ .
The following proposition is easy.
Proposition 4.1. Let L be a 2-elementary totally even full sublattice of the Leech lattice
Λ. Then the VOA V +Λ decomposes into irreducible V
+
L -modules as follows:
V +Λ
∼=
⊕
λ+L∈Λ/L
V +λ+L.
Now we decompose V T,−Λ into V
+
L -modules as in [Sh1].
Proposition 4.2. Let L be a 2-elementary totally even full sublattice of the Leech lattice
Λ. Then the V +Λ -module V
T,−
Λ decomposes into irreducible V
+
L -modules as follows:
V T,−Λ ∼=
⊕
λ+L∈Λ/L
V
Tχλ ,−
L .
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Proof. In order to decompose V T,−Λ , we will decompose Λˆ/KΛ-module T into Lˆ/KL-
modules. Set N = 2L∗. Then the center Z(Lˆ/KΛ) of Lˆ/KΛ is Nˆ/KΛ. We choose a
maximal abelian subgroup A of Λˆ/KΛ satisfying Nˆ/KΛ ⊂ A ⊂ Lˆ/KΛ. Then
T = ⊕χ∈X(A)Cχ (4.1)
as irreducible A-modules, where Cχ is a one-dimensional A-module with character χ and
X(A) is the set of all characters χ of A with χ(κΛKΛ) = −1. Then T = ⊕χ∈X(Lˆ/KΛ)mχTχ
as Lˆ/KΛ-modules, where Tχ is the irreducible Lˆ/KΛ-module with character χ andmχ is its
multiplicity. Since the components in the decomposition (4.1) are distinct A-modules, we
have mχ ∈ {0, 1}. Let D be a complement to 〈κKΛ〉 in Nˆ/KΛ. Then Lˆ/D is isomorphic
to the extraspecial 2-group of shape 21+2l+ , where 2
2l = |L/2L∗|. We note that a faithful
irreducible module of an extraspecial 2-group of shape 21+2l+ is unique up to isomorphism
and that its dimension is 2l. Then dimTχ = 2
l for χ ∈ X(Lˆ/KΛ). Moreover each
character in X(Lˆ/KΛ) corresponds to one of N/2Λ by D¯ = N/2Λ. Since |N/2Λ| = 212−l
and dimT = 212, we have mχ = 1 for all χ ∈ X(Lˆ/KΛ) by comparing the dimensions.
For a character χ of N/2Λ, there exists a unique element λ of Λ/L such that χ(·) =
(−1)〈λ,·〉 = χλ(·). Since Nˆ/KL ⊃ KΛ/KL, we may view Tχ as a Lˆ/KL-module. Hence we
obtain the following decomposition of T as a Lˆ/KL-module:
T ∼=
⊕
λ+L∈Λ/L
Tχλ ,
where Tχλ is the irreducible Lˆ/KL-module with central character χλ. Therefore we obtain
the desired decomposition of V T,−Λ .
By the propositions above, Proposition 1.1 and Lemma 1.6, we obtain the following
corollary:
Corollary 4.3. Let L be a 2-elementary totally even full sublattice of the Leech lattice.
Then V ♮ is a simple current extension of V +L graded by an abelian group of order 2
m+1,
where |L∗/L| = 22m.
4.2 Symmetries of the moonshine module associated with V +L
(I)
Let Λ(i) be the 2-elementary totally even full sublattices of the Leech lattice Λ given in
Section 1.4 for i = 1, 2, 3, 5. In this subsection, we consider the abelian automorphism
group of V ♮ associated with the fusion rules of V +Λ(i), and describe its normalizer in the
automorphism group G of the moonshine module V ♮.
Let Si be the set of isomorphism classes of irreducible V
+
Λ(i)-modules which appear in
the decomposition of V ♮ in Proposition 4.1 and 4.2. Then Si forms an elementary abelian
2-group under the fusion rules of order 2i and its dual S∗i acts faithfully on V
♮.
Let us study the centralizer CG(S
∗
i ) of S
∗
i in G. We start by proving the following
lemmas.
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Lemma 4.4. The centralizer CG(S
∗
1) of S
∗
1 is equal to C.
Proof. By Lemma 1.9 Aut(V +Λ ) = O(Λˆ)/〈θVΛ〉. Since the graded dimensions of V −Λ and
V T,±Λ are distinct, H
C
S1
= {g ∈ Aut(V +Λ )| V −Λ ◦ g ∼= V −Λ } = Aut(V +Λ ). By Corollary 2.2,
(1.2) and (1.3) we obtain this lemma.
Lemma 4.5. For any i, the centralizers of S∗i in C and G are the same: CC(S
∗
i ) =
CG(S
∗
i ).
Proof. Let g ∈ CG(S∗i ). Then g commutes with zV ♮. Since S∗1 = 〈z♮〉 and C = CG(S∗1),
we obtain g ∈ C. The converse is obvious.
Let us describe the centralizer of S∗i in C. Recall the canonical homomorphism
ti : O(Λ; Λ(i))→ GL(Λ/Λ(i)). The image of CC(S∗i ) under the canonical map C → O(Λ)
is contained in Ker ti since S
∗
i preserves V
ε
λ+Λ(i) for each λ ∈ Λ/Λ(i), ε ∈ {±} by Propo-
sition 1.9 (2). Since S∗i is contained in the kernel of the homomorphism ,¯ we obtain
the homomorphism CC(S
∗
i )/S
∗
i →¯ Ker ti. Let us show that this homomorphism is sur-
jective. For any element g ∈ Ker ti, there exists h0 ∈ C such that h¯0 = g. Since h0
preserves V +Λ(i) and the decompositions in Proposition 4.1 and 4.2 are multiplicity free,
{h0(V ελ+Λ(i))} = {V ελ+Λ(i)}. By Proposition 1.9 (2) and the fusion rules of V +L , we can take
h1 ∈ Hom(Λ,Z2) such that h1 ◦ h0(V ελ+Λ(i)) = V ελ+Λ(i) for ε ∈ {±}. Let λ be an element of
L∗/L such that h1 ◦ h0(V Tχ0 ,εΛ(i) ) = V
Tχλ ,ε
Λ(i) . Then h1 ◦ h0(V
Tχµ ,ε
Λ(i) ) = V
Tχµ+λ ,ε
Λ(i) for all µ ∈ Λ/L.
By Proposition 1.9 (2) there exists h2 such that h2 ◦ h1 ◦ h0 preserves all V T,χµΛ(i) . Hence
h = h2 ◦ h1 ◦ h0 ∈ CC(S∗i ) and h¯ = g, and the homomorphism is surjective.
Let fβ ∈ Hom(Λ,Z2) ⊂ O(Λˆ). Set U∗i = S∗i /〈zV ♮〉. Then fβ commutes U∗i if and only
if β belongs to Λ(i) by Proposition 1.9 (2), namely fβ(2Λ(i)
∗) = 0. Then we obtain the
sequence of groups
1→ Fi/U∗i → CC(S∗i )/S∗i →¯ Ker ti → 1, (4.2)
where Fi = {f ∈ Hom(Λ,Z2)| f(2Λ(i)∗) = 0}. Since the sequence (1.3) is exact, the kernel
of the homomorphism ¯ is Fi/U
∗
i . Thus the sequence (4.2) is also exact. By Lemma 1.16
we obtain the following proposition.
Proposition 4.6. For i = 1, 2, 3, 5, the sequence (4.2) is exact. In particular, the shapes
of the centralizers are described as follows:
CG(S
∗
1)
∼= 2.224.Co1, CG(S∗2) ∼= 22222.211.M24,
CG(S
∗
3)
∼= 23.220.24+12.3Sym6, CG(S∗5) ∼= 25.216.22+12.Sym3.
Next, we discuss the normalizer NG(S
∗
i ) of S
∗
i in G. Let us consider NC(S
∗
i ). Since
V +Λ(i) is the set of fixed points of S
∗
i , the image of ¯ of NC(S
∗
i ) is contained in O(Λ; Λ(i)).
By Proposition 1.9 (2) Hom(Λ,Z2) preserves the set of components in Proposition 4.1
and 4.2. Hence Hom(Λ,Z2) ⊂ NC(S∗i ). Thus we obtain the sequence
1→ Hom(Λ,Z2)/U∗i → NC(S∗i )/S∗i →¯ O(Λ; Λ(i))→ 1. (4.3)
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Lemma 4.7. (1) The sequence (4.3) is exact.
(2) The shape of NC(S
∗
i )/CC(S
∗
i ) is 2
i−1.Li−1(2).
Proof. By similar arguments on the case of CC(S
∗
i ), the group homomorphism ¯ in
(4.3) is surjective. Since (1.3) is exact, the kernel of the homomorphism ¯ in (4.3) is
Hom(Λ,Z2)/U
∗
i . Hence the sequence (4.3) is exact.
It is easy to see that Hom(Λ,Z2)/Fi ∼= 2i−1. By Proposition 1.15, the canonical
homomorphism ti : O(Λ; Λ(i)) → GL(Λ/Λ(i)) ∼= Li−1(2) is surjective. Comparing the
sequences (4.2) and (4.3), we obtain NC(S
∗
i )/CC(S
∗
i )
∼= 2i−1.Li−1(2). This completes
(2).
Theorem 4.8. For i = 1, 2, 3, 5, the sequence
1→ CG(S∗i )→ NG(S∗i )→ Li(2)→ 1
is exact. In particular, the shapes of NG(S
∗
i ) are described as follows:
NG(S
∗
1)
∼= 21+24.Co1, NG(S∗2) ∼= (22.222.211.M24).L2(2),
NG(S
∗
3)
∼= (23.220.24+12.3Sym6).L3(2), NG(S∗5) ∼= (25.216.22+12.Sym3).L5(2).
Proof. The assertion is clear when i = 1. So we assume that i 6= 1. By Lemma 4.5,
Proposition 4.6 and Lemma 4.7 (2), we obtain a subgroup of NG(S
∗
i )/CG(S
∗
i )
∼= Li(2)
of shape 2i−1.Li−1(2). We note that this subgroup is maximal in GL(S∗i ) ∼= Li(2). On
the other hand, NG(S
∗
i ) has automorphisms not in CG(S
∗
i ) by Proposition 1.8. Hence
NG(S
∗
i )/CG(S
∗
i )
∼= Li(2).
Note 4.9. In the group theory, it was known that S∗i is 2B-pure in the Monster for
i = 1, 2, 3, 5 and that NG(S
∗
i ) is a maximal 2-local subgroup of the Monster.
4.3 Symmetries of the moonshine module associated with V +L
(II)
In this subsection, we consider a subVOA V of V ♮ isomorphic to V +√
2E8
⊗ V +Λ16 . We
decompose V ♮ into irreducible V -modules and consider the automorphism group of V ♮ of
shape 210. Then we describe the normalizer in G = Aut(V ♮) of this elementary abelian
2-group. Throughout this subsection, k is an element of {1, 2}.
Recall the sublattice U = U1 ⊕ U2 of the Leech lattice Λ associated with an octad c,
where U1 ∼=
√
2E8 and U
2 ∼= Λ16 (see (1.7)). Then U∗ = (U1)∗ ⊕ (U2)∗. For a vector λ of
U∗, we denote λ = λ1 + λ2, λk ∈ (Uk)∗. It is easy to see that the fixed point subVOA V
of V +U with respect to a lift of the automorphism εc of Λ is V
+
U1 ⊗ V +U2 .
Let us study the properties of V . By Proposition 4.7.4 in [FHL], any irreducible
V +√
2E8
⊗V +Λ16-module is isomorphic to M1⊗M2 for some irreducible V +√2E8-moduleM1 and
irreducible V +Λ16-module M2. By Theorem 2.8 in [ADL], the following fusion rules hold:
(M1 ⊗M4)× (M2 ⊗M5) = M3 ⊗M6 (4.4)
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where M1, M2 and M4, M5 are irreducible modules for V
+√
2E8
and V +Λ16 respectively, and
M1 ×M2 = M3 and M4 ×M5 = M6. Since U i is 2-elementary totally even, V satisfies
the conditions (a)-(c) in Section 1.1 by Lemma 1.6. Moreover, V +
Uk
is rational since V +
Uk
is a framed VOA. Hence, by Proposition 1.1 V ♮ is a simple current extension of V . More
precisely, V ♮ is decomposed into irreducible V -modules as follows:
Lemma 4.10. The V -modules V +Λ and V
T,−
Λ decompose into irreducible V -modules as
follows:
V +Λ
∼=
⊕
λ+U∈Λ/U
(V +λ1+U1 ⊗ V +λ2+U2 ⊕ V −λ1+U1 ⊗ V −λ2+U2).
V T,−Λ ∼=
⊕
λ+U∈Λ/U
(V
Tχλ1
,+
U1 ⊗ V
Tχλ2
,−
U2 ⊕ V
Tχλ1
,−
U1 ⊗ V
Tχλ2
,+
U2 )
where χλk is the irreducible character of 〈(Uk)∗, 2Λ〉/2Λ defined by χλk(γ) = (−1)〈λk ,γ〉 for
γ ∈ Uk.
Proof. Applying Proposition 4.1 and 4.2 to V ♮ and V +U , we obtain the decomposition
of V ♮ into irreducible V +U -modules. Let θV TL denote the involution of V
T
L induced by θVL .
Since θVΛ = θVU1 ⊗ θVU2 and θV TΛ = θV TU1 ⊗ θV TU2 we obtain the desired decomposition.
Let S10 be the set of isomorphism classes of irreducible V -modules which appear in
Lemma 4.10. Then by Proposition 1.5 and (4.4) S10 forms an elementary abelian 2-group
of order 210 under the fusion rules. So, we obtain an elementary abelian 2- subgroup S∗10
of G.
We define a quadratic form q on S10 by setting q(W ) = qU1(W1) for W =W1 ⊗W2 ∈
S10, where qU1 is a quadratic form given in Proposition 1.7 andWk is the isomorphism class
of an irreducible V +
Uk
-module. We note that qU1(W1) = qU2(W2) for W = W1⊗W2 ∈ S10.
Counting singular elements of S10, we see that the type of q is plus. Since the value of
q depends only on the graded dimensions, the action of NG(S
∗
10) on S10 preserves the
quadratic form q. Hence NG(S
∗
10)/CG(S
∗
10) ⊂ O+(10, 2).
Let ΦNS10 and Φ
C
S10
be the restriction homomorphisms from NG(S
∗
10) to H
N
S10
and from
CG(S
∗
10) to H
C
S10
, where
HNS10 = {g ∈ Aut(V +√2E8 ⊗ V
+
Λ16
)| S10 ◦ g = S10},
HCS10 = {g ∈ Aut(V +√2E8 ⊗ V
+
Λ16
)| W ◦ g = W for all W ∈ S10}.
By Proposition 2.2, the homomorphisms ΦNS10 and Φ
C
S10
are surjective and Ker ΦNS10 =
Ker ΦCS10 = S
∗
10. Moreover, H
N
S10
/HCS10
∼= NG(S∗10)/CG(S∗10). The following lemma will be
needed to determine HNS10 and H
C
S10
.
Lemma 4.11. The automorphism group of V +U1 ⊗ V +U2 is isomorphic to Aut(V +U1) ×
Aut(V +U2). In particular, its shape is O
+(10, 2)× 216 · Ω+(10, 2).
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Proof. We set H˜ = Aut(V +U1 ⊗ V +U2) and H = Aut(V +U1)×Aut(V +U2). Clearly H ⊂ H˜.
First we consider the stabilizer K of the isomorphism class of V −U1 ⊗ V −U2 in H˜. It is
easy to see that {λ+ U ∈ U∗/U | #(λ + U)2 = 48} = φ. By Proposition 1.9 (1), we have
Aut(V +U ) = O(Uˆ)/〈θVU 〉. Since V +U = V +U1⊗V +U2⊕V −U1⊗V −U2 , we haveK = O(Uˆ)/〈θVU1 , θVU2 〉
by Proposition 2.2. By Lemma 1.17, K ⊂ H .
Next we determine the orbit Q of V −U1 ⊗ V −U2 under the action of H˜ . Let SUk be the
set of all isomorphism classes of irreducible V +
Uk
-modules. By Proposition 1.9 (4), SUk is
decomposed into 3-orbits {[0]+}, QUk , RUk under the action of Aut(V +Uk). We assume that
V −
Uk
belongs to QUk . It is easy to check that
ch(V −U1) ∈ 8q + q2Z[[q]], ch(W1) ∈ q1/2 + q3/2Z[[q]],
ch(V −U2) ∈ 16q + q2Z[[q]], ch(W2) ∈ 256q3/2 + q5/2Z[[q]],
whereWk ∈ RUk . Comparing the graded dimensions, we have Q ⊂ {W1⊗W2|Wk ∈ QUk}.
Since Aut(V +
Uk
) acts transitively on QUk , we have Q = {W1 ⊗ W2| Wk ∈ QUk}. In
particular, |Q| = |QU1| × |QU2| = 5272 and |H˜ : K| = 5272.
On the other hand, we see that |H : K| = 5272. Thus H˜ = H .
Theorem 4.12. The normalizer NG(S
∗
10) is of shape 2
10+16 ·Ω+(10, 2) and the centralizer
CG(S
∗
10) is of shape 2
10+16.
Proof. By Proposition 1.9 (4) and Lemma 4.11, HCS10
∼= 216. Hence CG(S∗10) ∼= 210+16.
Let us determine HNS10 . Let SUk denote the set of all isomorphism classes of irreducible
V +
Uk
-modules. Then any element of SUk (k = 1, 2) appears only once in S10. So, the
map SU1 → SU2, W1 7→ W2 (W1 ⊗ W2 ∈ S10) is well-defined and bijective. Let g ∈
Aut(V +U1 ⊗ V +U2). By Lemma 4.11, g = g1g2 for some gk ∈ Aut(VUk). Then g is in
HNS10 if and only if the actions of gk on SUk (k = 1, 2) are the same with respect to
the bijection above. This shows that HNS10/H
C
S10
∼= Ω+(10, 2) by Lemma 4.11. Hence
NG(S10) ∼= 210+16 · Ω+(10, 2).
Note 4.13. In the previous and this section, we have described five normalizers of elemen-
tary abelian 2-subgroups of G containing zV ♮. According to [Me, MS], these normalizers
are only maximal 2-local subgroups of the Monster such that the center contains 2B
elements.
4.4 Monster amalgam
In this subsection, we show that the set of the groups {NG(S∗1), NG(S∗2), NG(S∗3)} forms
a Monster amalgam.
We start by recalling the definition of a Monster amalgam from Chapter 5 in [Iv]. We
refer to Chapter 1 of [Iv] for the definition of amalgams. Let M = {G1, G2, G3} be an
amalgam of rank 3, put Qi = O2(Gi), G¯i = Gi/Qi, Gij = Gi ∩Gj , G123 = G1 ∩G2 ∩G3,
Z1 = Z(Q1). Then M is a Monster amalgam if the following hold:
(i) Q1 is an extraspecial group of order 2
25;
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(ii) G¯1 ∼= Co1 acts on Q1/Z1 as it acts on the Leech lattice Λ¯ modulo 2;
(iii) G123 contains a Sylow 2-subgroup of G1;
(iv) G¯2 ∼= Sym3 ×M24 and G¯3 ∼= L3(2)× 3 · Sym6;
(v) [G2 : G12] = 3; [G3 : G23] = [G3 : G13] = 7; [G3 : G123] = 21;
(vi) for 1 ≤ i < j ≤ 3, we have Qi ∩Qj 6= Qi.
Set Hi = NG(S
∗
i ). Let H denote the amalgam {H1, H2, H3}.
Theorem 4.14. The set H forms a Monster amalgam. In particular the group 〈Hi| i =
1, 2, 3〉 is isomorphic to the Monster simple group.
Proof. By using the description of the shapes of Hi in Theorem 4.8, we will show
that H satisfies the conditions (i)-(vi). Set Ri = O2(Hi), H¯i = Hi/Ri, Hij = Hi ∩ Hj,
H123 = H1 ∩H2 ∩H3 and Z = Z(H1).
First we consider the group H1. Since H1/S
∗
1 is the automorphism group of V
+
Λ ,
H¯1 ∼= Co1 acts on H1/S∗1 as it acts on the Leech lattice Λ¯ modulo 2. In particular, this
action is irreducible. Since the shape of R1 is 2.2
24, Z(R1) = S
∗
1 or R1. On the other
hand, in [Sh1] an automorphism in R1 of order 4 commuting with S
∗
1 is described in terms
of V +L . This shows that R1 is an extraspecial 2-group, and (i) follows. Since Z(R1) = S
∗
1 ,
(ii) also follows.
Next, we consider Hij and H123. The inclusion S
∗
1 ⊂ S∗2 shows that CG(S∗2) ⊂ H12.
Recall that H2/CG(S
∗
2) = GL(S
∗
2)
∼= L2(2) ∼= Sym3. Since H12 is the stabilizer of S∗1 in
the action of H2 on S
∗
2 , we obtain H12/CG(S
∗
2)
∼= Z2. Hence we obtain [H2 : H12] = 3.
Similarly, for i = 1, 2 the inclusion S∗i ⊂ S∗3 shows that CG(S∗3) ⊂ Hi3. Recall that
H3/CG(S
∗
3) = GL(S
∗
3)
∼= L3(2). For i = 1, 2 the group Hi3 is the stabilizer of S∗i in
H3, which shows that [H3 : Hi3] = 7. Since H123 is the stabilizer of both S
∗
1 and S
∗
3
in H3, we obtain [H3 : H123] = 21. Hence (v) follows. Moreover the shape of H123 is
(23.220.(24+12.3Sym6)).2
3. In particular a Sylow subgroup of H123 is also one of H1, and
(iii) holds.
By the shape of Hi, we obtain |R1| = 225, |R2| = 235 and |R3| = 239. Moreover
R1 ∩R2 ∼= 22.222, R1 ∩ R3 ∼= 23.220 and R2 ∩ R3 ∼= 23.220.210. Hence (vi) follows.
Finally let us consider H¯i. By the shape of Hi, we obtain H¯2 ∼= M24.Sym3 and
H¯3 ∼= 3Sym6.L3(2). Let K2 denote the subgroup of all elements of H¯2 acting trivially on
M24. Since the Schur multiplicity ofM24 is 1, K2 is isomorphic to Sym3 and is compliment
to the subgroup of shape M24. Hence H¯2 ∼= M24 × Sym3. Let K3 denote the subgroup of
all elements of H¯3 acting trivially on 3Sym6 and let I denote the normal subgroup of H¯3
of shape 3Sym6. Then K3 ∩ I = Z(I). Since K3 is normal in H¯3, so is IK3/I in H¯3/I.
By Lemma 1.15 and (4.3), K3 contains a subgroup of shape Sym3. Since L3(2) is simple,
Z(I)K3/Z(I) is isomorphic to L3(2) and is compliment to the subgroup of shape 3Sym6.
Hence H¯3 ∼= L3(2)× 3Sym6. Thus (iv) follows. Therefore H is a Monster amalgam. By
Proposition 5.15.1 in [Iv] 〈Hi| i = 1, 2, 3〉 is isomorphic to the Monster.
18
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